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Appendix E 

PROPOSAL FOR AN �I�N�C�~�N�T�A�L� CURVE DRAWING DISPLAY 

In the course of the work with Sketchpad it has became all too 

clear that the �s�p�o�t�-�b�y�~�s�p�o�t� display now in use too slow for comfortable 

observation of reasonable size drawings. Moreover, baving the central 

machine compute and store all the spots for the display is a waste of 

general purpose capacity that might better be applied to other jobs. 

As a solution to these difficulties I propose that a special purpose 

incremental 'canputer be used to generate the successive spots ,of the 

display at high speed. The central machine would provide only a mini­

mum of information about each curve to be drawn; e.g., end points of 

lines; start, center and arc length of circle arcs. 

The technology of incremental computers is well developed, but so 

far as I know, no one has yet applied them directly to the problem of 

computer display systems. Basically the �i�n�c�r�e�m�e�n�t�~� computer works by 

adding one register to another successively and detecting any overflows 

or underflows which may be generated. Certain registers are incremented 

conditionally on the result of overflow or underflow generation. , 

In the system of Figure E.l, the x and y increment registers are 

Sdded to the'x and y remainder registers and overflows or underflows 

(dotted lines) are used to increment the beam position of the display. 

A counter (not shown) is provided to limit the length of the straight 

line generated. The unit would request more information from the com­

puter after the appropriate number of additions 0 For drawing straight 

lines on a 1024' x 1024 raster �d�i�s�p�l�a�~� the increment registers should 
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contain 10 bits plus sign, 11 bits in all each; the remainder registers 

should contain 10 bits with no sign; and the counter should contain 10 

bits. 

To understand how the system of Figure E.l operates consider that 

its x increment regist'er contains the largest possible positive number 

and that its y increment contains one ha.lf that value. The x addition 

would result in overflow nearly every iteration, whereas. the y addition 

would result in overflow only on alternate additions, and so a line 

would be drawn up and to the right with a slope of 1/2. 

The usual practice in incremental computers is to be able to step 

the increment registers by a single unit up or down according as over­

flow or underflow is produced in another addition. In the system of 

Figure E.2, the ~: is 'an adder-subtractor which can increase or de­

crease the increment register by the amount stored in the curvature 

register. The. @ adds or subtracts if overflow or underflow is gen­

erated in the other addition. OVerflow or underflow is signalled to 

the ~ adder along the dotted paths in Figure E.2. 

Use of the conditional adder pennits a curvature to be specified 

so that curves can be drawn. The system of Figure E.2 will draw straight 

lines if the numbers in the curvature registers are zero, circles if the 

numbers are equal and opposite in sign, ellipses if the numbers are un­

equal and unlike in sign,and hyperbolas if the numbers are like in sign. 

The ellipses and hyperbolas are generated, however, with axes parallel to 

the coordinate axes of the display. 

Theory and simulation show that just as in the incremental equation 

used for generating circles (see Chapter V), the latest value of incre­

ment mus,t be used if the curve is to close. Therefore, the additions 
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cannot all occur at once; the order shown in Figure E.2 by the numbers 

1-4 next to the adders makes the circles and. ellipses close. In a serial 

device it is possible to do the four additions in just two add t~es by 

having only a one bit time delay between the two additions for each 

coordinate, i • e -:r, @ just before <£). 
Circles can be drawn with radii from about one scope ,unit to a 

straight line according to the numbers put in the curvature registers. 

Simulation shows that if the increment and curvature registers contain 

17 bits plus sign, 18 bits each in all, and the remainder contains 17 

bits without sign, the largest radius circle that can be drawn is just 

noticeably different from a straight line after having passed fully 

across a 1024 x 1024 raster display. The simulation program f9r this 

test is less than 100 instructions long and requires, of 'course, no 

multiply or divideo Simulation of larger incremental computers on"small 

general purpose digital computers should be a powerful way to get·complex 

numerical answers quickly and easily. 

If the system of Figure E.2 is duplicated twice as shown: in Figure 

E.3, a general Conic Section drawing capability is obtained. I am 

indebted to Larry M. Delfs for pointing out that the display incrementing 

outputs of the two systems should be added together. The full f;lystem of 

Figure E.3 can draw not only arbitrary conic sections but a host of 

interesting cycloidal curves. Fbrdrawing the simple straight lines 

and Circles, the two halves of the system would be loaded with identical 

numbers to gain a two-fold speed advantage. 

A trial design using 20 megacycle serial logic and 36 bit delay 

lines available commercially showed that the full system would be able 
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to g~nerate new display points at 0.9 microseconds each for lines and 

circles and slightly slower (but not half speed)" for complicated conics. 

This corresponds to a writing rate of about 10,000 inches per second. 

Same saving in cost could be expected if longer delay lines were used 

and a correspondingly slower operation speed were tolerated. It appears 

possible to get similar performance from a parallel scheme. 
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Appendix F 

MATHEMATICS OF LEAST MEAN SQUARE FIT 

The result quoted in this appendix is well known and is repeated 

here only for reference. 

Suppose we have P equations in N unknowns: 

N L 8ij Xj = c i 1 ~ i ~ P; 

j=l 

or (F-l) 

If P is larger than N there would in general be no exact solution. We 

wish to find the values for the unknowns which minimize the sum of the 

squared errors of the equations. The error in the ith equality is given 

by: 

N 

Ei =L (8ij Xj - ci ), 

j=l 

and the total squared error, 

(F-2) 

(F-3) 

We wish to minimize Et , and so we take partials with respect to each Xj 

and set ail these equal to zero. For a particular Xj called ~, 

P N 2 

~ =~ L [I (8ij Xj ) - ci ]· 
~ ~ i=1 j=l 

(F-~) 

Since the partial of a sum is equal to the sum of the partials, 
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(F-5) 

or since 

Now the last part of (F-6) is a sum of tenns like s12x2 ••• only one of 

which involves ~ at all, namely aik~. Therefore, 

(F-7) 

which, when set equal to zero gives: 

(F-8) 

or 

(F-9) 

Changing the order os surmnat10n, 

(F-lO) 

which in matrix notation becomes: 

(F-ll) 
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T A A is a square matrix of order N. Thus a system of any number of 1in-

ear equations can be reduced to a simpler system whose solution is the 

value of the variables for least square fit to the original set of equa-

tions. 

If the original equations are equations in two unknowns, a plot of 

(F-2) with error squared in the upward direction is a parabolic valley. 

Since any vertical section of a parabolic valley will be a parabola, and 

the sum of any two parabolas in likewise a parabola, a plot of (F-3) can 

at most be an eliptic paraboloid. The Equations (F-IO) and (F-ll) re-

suIting fram the method described here represent the locus of locations 

where contour lines of the eliptic paraboloid are parallel to the axes. ) 

The intersection of these loci, the solution of (F-lI), is the lowest 

point in the eliptic paraboloid, the least mean squares fit to (F-I). 



-164-

Appendix G 

A BRIEF DESCRIPTION OF TX-2* 

At first glance, TX-2 is an ordinary single-address, binary digital 

computer with an unusually large memory. It is an experime~tal machine-

many of its in-out devices are not commercially available. On closer 

inspection, one finds it has same important innovations-at least they 

were innovations at the time TX-2 was built (19'56). 

The distinctive features of TX-2 are: 

1. Simultaneous use of in-out machines through 
interleaved programs. 

2. Flexible, "configured" data processing. 

Some other virtues include: 

IN-OUT 

1. Autanatic memory and arithmetic overlap. 

2. A "bit" sensing instruction (i.e., the operand 
is one bit!). 

3. Addressable arithmetic element registers. 

4. Especially flexible in-out. 

5. 64 index registers. 

6. Indirect--i.e. deferred addressing. 

7. Magnetic Tape Auxiliary Storage 

The phrase "simultaneous use of in-out machines It should be taken 

quite literally. It does not mean simultaneous control. Each unit has 

* By Alexander Vanderburgh 
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its own buffer register and only ~ of these can be processed by TX-2 

at any given instant. It is the relative speed that is important. For 

example, the in-out instruction that "fills" the display scope buffer 

takes no more than 10 microseconds, but the display itself takes from 

20 to 100 microseconds, i.e., up to ten times as long. While the display 

is busy, the computer can compute the next datum of course, but it can 

also initiate other in-out transfers. In practice, since most in-out 

units are much slower than their associated programs, the computer 

spends a significant percentage of the time just waiting (in "Limbo"), 

even when several devices fare in use. Interleaved initiation of in-out 

data transfers is partly automatic and partly program controlled. Each 

in-out routine is independently coded and is operated by TX-2 according 

to its "priority .. '"~ Each unit has a ttFlag Flip-Flop" to indicate to con­

trol that it is ready for further attention. When a unit is ready for 

further attention its routine will be operated unless another unit of 

higher priority also needs attention. An index register is reserved 

for each in-out unit and is used as a "place-keeper" when its routine 

is not being operated. The sharing among in-out routines of storage, 

index memory, and the arithmetic element is the programmer1 s responsibi­

lity. 

ftCONFIGURED" DATA PROCESSING 

The "normal" word length for TX-2 is 36 bits. For many applica­

tions 18 or 9 bits would suffic~and in some cases each piece of data 

requires the same processing. Coni'iguration control permits Ufracture" 

of the normal word into two 18 bit pieces, four 9 bit pieces, or one 27 
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bit and one 9 bit. These lIsubwords" are completely independent-for 

example, there are separate overflow indicators. In addition to 

Iffracture" there is "activity" and "quarter permutation". Any quarter 

word can be made tlinactive" i.e., inoperative. The 9 bit quarters of 

a datum from memory may be rearranged (permuted) before use. There 

are 8 standard permutations-for example, the right half of memory 

can be used with the left half of the arithmetic element. Nine bits 

are required for complete configuration specification. Since only 

5 bits are available for bit thin film memory is addressed by each 

instruction word, a special 32 word, 9 bit thin film memory is 

addressed by each instruction that processes data directly. A 

c~mplete change to any of 32 configurations is therefore possible 

from instruction to instruction. 

THE SMALLER VIRTUES 

Overlap: TX-2 has two core memories-" Stl memory, a vacuum tube 

driven 65,536 word core memory, and "Tn memory, a transistor driven 

4096 word core memory about 20% faster. Instruction readout can be 

done concurrently with the previous data readout if program and data 

are in separate memories. 

The use of the arithmetic element is also overlapped. Instructions ' 

that follow a multiply or divide operation will be done during the arith­

metic time if they make no reference to the arithmetic element. The 

overlap is entirely automatic and may be ignored if the programmer 

chooses. A careful programmer can gain speed by doing indexing after 

multiply or divide and by putting program and data in separate memories. 
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Bit Sensing Instruction: One instruction--SKM--uses a single bit of 

any memory word as its operand. Control bits provide 32 variations of 

skipping setting, clearing, and/or complementing the selected bit. This 

instruction can also cycle the whole word right one place if desired. 

Addressable Arithmetic Element: Seventeen bits of the TX-2 instruc­

tion word are reserved for addressing an operand. This would allow a 

131,072 word memory. TX-2 has only 69,632 registers of core storage. 

The toggle switch and plugboard m~ories, the real time clock register, 

the knob register (shaft encoder), and the arithmetic element registers 

use 55 of the remaining addreSSing capability. The arithmetic element 

registers are therefore part of the memory system and can be addressed, 

e.g., one can add the accumulator to itself. 

Flexible In-Out: The TX-2 user must program each and every datum 

transfer. The lack of complex automatic in-out controls may seem to be 

a burden, but the s implici ty of the system gives the programmer ,much 

more precise and variable control than automatic systems provide. For 

example, coordination of separate in-out units such as display and light 

pen is possible. Moreover, it is relatively easy to attach new in-out 

machines as they become available. 

Index Memory and Indirect Addressing: Of the 64 index registers, 

one must.devote a few to each in-out unit's program. With all 21 in-out 

devices concurrently in use, each program would have two index registers 

for normal programming use. In practice, one seldom uses more than half 

a dozen in-out units, and each routine would then have 9--clearly a luxu­

ry. Indirect addreSSing provides a means for indexing normally nonindex­

able instructions, or for double indexing normal instructions. 
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Magnetic Tape Auxiliary Storage ,: Each TX-2 magnetic tape unit stores 

ab,out 70 million bits, 34 times the capacity of the core memory system. 
, , 

Like a'magnetic drum the tape is addressable. It can be read in either 

direction at any speed from 60 to 600 ips, and can be searched at a maxi-

mum 'of 1200 i~s. It is used at present primarily for program storage. 
'---, 

"Turn ar.ound tinie"-i~e. the time required to save one program and. read ... · 

in a different one is se1dom more than 2 minutes and often less than 30 

seconds. (The" read-in time, once the desired section of the tape 'is 

found., is about 12 seconds for 69,632 words.) A standard IBM 729 tape 
'i 

'unit is also available. 

SUMMARY OF VITAL STATISTICS--TX-2--DECEMBER 1962 

Word Length: 

Memory: 

.Auxiliary Memory: 

Tape Speeds: 

IN~OUT EQUIPMENT 

Input: 

36 bits, plus pari ty bit, plus debugging tag bit 

256 x 256 c9r e 

64 x 64 core 

,Toggle switch 

Plugboard 

65, 536 words 

, 4,096 words 

16 words 

32 words 

6.0 JJ.sec cycle time 

4.4 JJ,sec cycle time 

Magnetic Tape 2+ million words, 70+ million bits per 

~nit (2 units in use, total of 10 planned) 

selectable 60-300 inChes/sec, search a.t 1000 
- , 

inches/sec' (i.e. about 1600 to 8000 36 bit wOrds/secr 

Paper Tape Reader: 400-2000 6 bit lines/sec 

2 keyboards-Lincoln writer 6- bit c'odes 
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Input: 

Random number generator--average 57.6 ~sec per 9 bit number 

IBM Magnetic Tape (Model 729 M5) 

Miscellaneous pulse inputs--9 channels--push buttons or 
other source 

Analog input--Epsco Datrac--naminal 11 bit sample 
--27 kilocycle max. rate 

2 light pens-work with either scope or both on one' 

Special memory registers: 

Real time clock 

4 shaft e~coder knobs',. 9 bits each 

592 toggle switches (16 registers) 

37 push buttons -any or al~ can be pushed at once 

OJ.tput: 

Paper tape punch--300 6 bit lines/sec 

2 typewriters-10 characters per second 

IBM Magnetic Tape (729 M5) 

Miscellaneous·pulse/light/relay contacts-9 channels 
(low rates) 

Xerox printer--1300 char. sec 

2 display scopes-7 x 7 inch usable area, 1024 x 1024 raster 

Large board pen and. ink plotter-29" x 29" plotting area 
15 in/sec slew speed. Off line paper tape control 
as well as direct computer control. 
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A four component variable: text '. digits, or instance. 

To place the light pen so that light from the picture 
part aimed at falls on the photocell and so that the 
center of the light pen field of view is sufficiently 
close to the picture part. 

Axiomatic, fundamental, built in. The atomic con­
straints are listed in Appendix A. The atomic--­
operations are each controlled by a push button 
listed in Appendix B. 

For instances, a particular point designated in the 
master for which in the instance the light pen will 
have a particular affinity. Also the related point 
created in the )picture containing the instance when 
the instance was created. 

For copying, any drawing part designated in the 
definition picture. Attachers may be recursively 
merged with object picture parts when the definition 
is copied. 

The property of equal weight among constraints 
obtained by making error in a constraint equal to 
displacement. -----

A set of consecutive registers used to represent a 
picture part. An n-component element. 

A subordinate ring member, composed of two registers 
one of which references the block containing the 
hen for this ring, the other references the next 
and previous chickens in the ring. 

A circle arc 0 A full circle is a circle arc 3600 

or more in length. 

A specific storage representation of a relationship 
between variables which limits the freedom of. the 
variables, i. eo, reduces the number of degrees of 
freedom of the system. Also, constraint is some­
times used to mean a type of constraint, as in 
"there are seventeen atomic. constraints." 

The process of moving variables so that all the 
conditions on them embodied in the constraints are 
met. It is not always possible. 
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Duplication in storage the ring structure of a 
definition picture. A copy is not to be confused with 
an instance. Any instance may be changed into a 
copy by dismembering. 

A master picture. Especially a picture to be used 
for copying, usually containing a combination of 
atomic constraints. Also the error computation 
routine associated with a constraint. 

To erase. Deleted blocks become garbage. 

A set of five decimal digits plus sign, leading 
zeros suppressed. As a variable digits "may be moved, 
rotated, or made larger on the display. The 
particular value displayed is that of an associated 
scalar and may be changed only by moving the scalar. 

The process of changing an instance into a copy by 
creating in the ring structure a duplicate of the 
internal structure of the instance's" master and re­
moving the instance. A dismembered instance becomes 
a group of lines, etc., which may be individually 
moved, deleted, etc. Dismembering peels off oilly one 
layer of instance at a time. 

A particular two component variable used to locate 
the arms "of a constraint when it is first created. 
Dummy variables may merge with any other kihd of 
variable leaving any attached constraints applying 
to that variable. Display for a dummy variable is 
aX· " 

The number computed by the definition subroutine for 
a constraint. Error is zero if the constraint is 
satisfied and grows monotonically as the constrained 
variables are moved. 

A storage structure. A file may be in either list 
form or table f,orm. Also a collection of magnetic 
tape records. 

A variable which has so few constraints on it that 
it may be moved to satisfY all of them. Such a 
variable will be in the FREEIXJ.ffi ring. 

Free storage inside the range of storage addresses 
being used to ~epresent the drawing. 

A pair of registers in a block used to indicate the 
first and last references made to that block by the 
chickens belonging in the hen's ring. Also called 
a key. 
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A fixed geometry subpicture represented very compactly 
in· storage by reference to a master and indication 
by four numbers of the size, rotation, and location 
of the subpicture. Internal structure of an instance 
is visible and may contain other instances, but since 
it is identical in appearance to the master it cannot 
be changed without changing the master. Except for 
size, rotation, and location, all instances of one 
master look the same. 

See hen. 

A line segment. No representation for an infinite 
length line exists in Sketchpad. 

A topological thing connecting two points. Contains 
no numerical information. Sometimes called a line. 

A particular form of storage structure in which each 
element stores not only the information pertinent 
to it but also the address of the next element. Not 
to be confused with a table. 

A position in the coordinate system represented by 
a pair of coordinates. Not to be confused with a 
point which has .a location. Also the address of a 
particular piece of information in storage. 

A picture which is used to define the visible 
internal structure of an instance. 

Combination of two storage blocks to identify two 
picture parts, which must be of like type, permanently. 
The result of a merger of variable~ takes on the . 
value of the historically older variable. In the 
ring structure, merging makes one block out of two, 
reducing the other to garbage. In certain oases 
merging is recursive. . 

Changing the numerical information stored in a 
variable. Moving a point stores a new coordinate 
location over the previous one. Moving an instance, 
text, or digits includes size change and rotation. 
Moving a scalar implies changing its value but does 
not change the position of its display. Moving is 
also the state a thing is in when it is attached to 
the light pen; it may be stationary on the display. 
Moving is not to be confused with relocating .. 
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A particular form of storage in which various 
properties of· each i.-object repres.ented are stored 
in consecutive registers. Also the block of 
registers representing an object. 

See scalamand digits. Number: often refers to 
digits and scalars collectively. Also the binary 
numbers stored for a variable. 

A particular picture currently being worked on. 
Especially a camplicatedpicture of particular 
interest to a user as opposed to a definition or 
master picture which is to be used as a portion 
of the object picture. . 

The older of two blocks is the one with the lowest 
numbered address, illustrated higher on the page. 
Since new blocks are taken fram the free space in 
addresses higher numbered than the drawing storage, 
an older block was usually created sooner. 

A storage device to collect together related drawing 
parts. A "sheet of paper". Also the lines, points, 
instances, and constraints, etc., that are drawn 

. in the picture, collectively.: Pictures are numbered 
so that anyone may be called to appear qn the dis­
play.. Wi thin the limits of storage, as many 
pictures as desired may be set up and used . 

. - . 
A specific representation in the ring structure used 
as an end point for a line segment. Not to be 
confused with location or spot. Also as a verb, to 
aim at something with ~helight pen. 

A storage register which contains the location of 
another storage register rather than numerical data. 
Such a register is said to point to the register 
whose address it contains. 

A location near the axis of the light pen which is 
used as the ff point of the pencil n • The pseudo pen 
location lies exactly on an existing point or line 
or circle or at the intersection of lines i~ the pen 

/is aimed at them. 

Changing the address at which a particular block is 
stored in memory. Not to be confused with moving. 

The single thing which remains after two things 
have been merged. 

A set of pointers which closes on itselfo 
pad all rings point both forward and back. 
is composed of one hen and many chickens. 

In Sketch­
A ring 
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The type of storage structure used to represent the 
drawing • s topology. See riilg. 

See constraint satisfaction. 

A one component"vector whose value can be dis­
played bya set of digits. For display of the 
scalar itself al is used. 

One of the bright dots on the display. Not to be 
confused with point or location. 

A form, of storage structure in which successive 
pieces of information are stored in successive 
registers in memory. Tables are the. "conventional" 
form of storage. See also list and ring 
structure. - -

The process of taking things out of the moving 
state. Termination is usually done by giving a 
flick of the light pen. Pressing "stop" also 
terminates. Upon termination, merging may take 
place. 

Lines of textual material typed in and appearing in 
a standard type style on the picture. Text is 
treated as a four component variable. 

An attacher. 

The particular infor.mation stored in the numerical 
portion of a variable. E.g., the location of a 
pOint. Especially the value of a scalar as o:p~sed 
to the location of the set of digits displaying 
this value. 

A picture part which contains numerical informAtion. 
Scalars, points, instaa.cea, texts, dig! ts an<l.:~ 
variables are the only variables at present.. '·'Also 
used to denote a type of' variable. 
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